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Abstract 

We consider the valley-method computation of the inclusive cross 
section of baryon number violating processes in the Standard Model. 
We show that any physically correct model of the valley action should 
present a singularity in the saddle point valley parameters as functions 
of the energy of the process. This singularity prevents the saddle point 
configuration from collapsing into the perturbative vacuum. 
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Instanton-mediated baryon number violating (BNV) processes in the 
Standard Model are suppressed, at zero energy, by the factor e~ 2Sl ~ e -400 , 
where Sj is the action of the instanton solution. They were therefore con- 
sidered as hopelessly unobservable until, in 1990, Ringwald Q and Espinosa 
|g] showed that the cross section grows exponentially when energy is raised 
from zero, because of the increase in available phase space when processes 
with 0(1/ aw) gauge and Higgs bosons in the final state are considered. 
This observation raised the hope that BNV processes could become observ- 
able at energies of order of the sphaleron mass ~ 10 TeV. Despite a lot of 
theoretical effort (for a review see Ref. Q), a reliable computation of the 
cross section at the relevant energies is still lacking. 

It is customary to express the leading term in semiclassical approxima- 
tion to the BNV cross section as 

<tbnv(E) ~exp(2S/F h9 (^)) (1) 

where E is the energy of the process and Fh g (E) is the so-called holy-grail 
function. 

It is by now well known how to express Fh g (E) as a series expansion in 
(E/E ) 2 / 3 , where E is an energy scale of the order of the sphaleron mass. 
Choosing 

Ot\y 

the known terms in the expansion of Fh g are [Q] 

Fhi(E) _ - 1 + l(^ 1 ' 3 9 < E ^ 



8 \E J 16 \E 

What is needed is a reliable way of extending the computation to finite 
values of the ratio E/Eq, and therefore predict if BNV processes can become 
observable at energies accessible to the next generation of colliders. 

The valley method l5|, ^| provides in principle such an analytic continua- 
tion of the expansion (|3|) , in the (somewhat ill-defined) approximation where 
initial-state corrections are neglected. c?bnv is computed, using the opti- 
cal theorem, as the imaginary part of the forward elastic scattering (FES) 
amplitude of two fermions going into two fermions through the background 
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field of a deformed instanton-antiinstanton (II) pair. The cross section is 
expressed, to leading order in semiclassical approximation, as 

&bnv(E) ~ Im J dRdpidpjexp (ER — S V (R, pi, pj)) (4) 

where S V (R, pj, pj) is the classical action along the valley trajectory, which 
connects a far separated // pair with the perturbative vacuum. The valley 
trajectory is chosen in such a way that the functional integration along the 
directions orthogonal to it is gaussian, and can therefore be neglected in the 
leading order of semiclassical approximation. The trajectory is parametrized 
by the distance R between the centers of the (deformed) I and I and their 
radiuses pi, pj. The integral is computed in saddle-point approximation. 

Unfortunately, the valley action in the Standard Model is not know be- 
yond an expansion in powers of p/R and p (from now on we anticipate that 
at the saddle point pi = pj = p). The expression of Fh g derived from this 
valley action is the expansion (||). In general, it is possible to prove 
that the valley method computation of Fh g (E) as an expansion in E/Eq 
is equivalent to all orders to the direct computation in the one-instanton 
sector. This suggests that F} ig (E) can be correctly computed with the valley 
method for all energies in which Fh g (E) is an analytic function of E. 

An approximate model for the electroweak valley action has been pro- 
posed in U, where the (exactly known) QCD valley [|| is supplemented with 
a conformal symmetry breaking term 

S csb = 2tt 2 v 2 P 2 (5) 

where v is the VEV of the Higgs field. This means that the II interaction 
in the Higgs sector is completely neglected, the rationale being that Higgs 
boson production in the final state is subdominant with respect to gauge 
boson production at E <C Eq. In this model, the holy-grail function hits 
the unitarity limit F^ g = at a finite energy Ekr ~ 45TeV, and the cross 
section loses its exponential suppression. The saddle point configuration 
collapses into the perturbative vacuum as E — > Ekr, and Fh g (E) does not 
show any singularity (] between E = and E = Ekr- 

In this Letter we will show that the absence of singularities and the 
collapse into the perturbative vacuum are artifacts of the approximation 
defining the model, and are bound to disappear in a qualitatively realistic 

2 As already pointed out in Ref.Q, the singularity found in Ref. in the Khoze- 
Ringwald model is an artifact of a particular way of solving the saddle point equations. 



2 



model of the Higgs contribution to the valley action. In fact we will show 
that the existence of a singularity preventing the collapse to the perturbative 
vacuum is an unavoidable feature of any realistic model of the valley action, 
which stems from general features of the valley trajectory. 

The saddle point evaluation of the integral (Q) gives for the holy-grail 
function the expression 

F hg (E) = ER* (E) — S v (R*(E), p*(E)) (6) 

where R* (E) , (E) are solution of the saddle point equations 

- f < 8 > 

From Eq. (0) we can immediately see that the perturbative vacuum cannot 
be the saddle point for any nonzero energy. Indeed, the action must be 
stationary for all deformations of the fields around the perturbative vacuum, 
and in particular it must be 

as; 

OR 

Note that the perturbative vacuum cannot even be the limit of the saddle 
point configurations for E — > Eu m ^ 0, because it is impossible to have 
values of the action arbitrarily close to zero while keeping dS/dR finite and 
nonzero. 

It is interesting to see how this seemingly impossible phenomenon occurs 
in the Khoze-Ringwald model of Ref. ||. In this model 

™l=f* X **L?$. (10) 

dR r 5 A- OR (W) 

and 

Hm |^ = (11) 

E^E KR 6 A* 

However, the field configuration H is given by ^ 

An( X ) = ~ r laflvXu { — 77— Tfl 77— 77~ \ (12) 

3 We consider here the concentric II configuration, from which the non-concentric one 
can be obtained by a coordinate inversion, see Ref. S. 



= (9) 

pert, vacuum 
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where 



so that 



Being 




dAl _ 2 
~9R = ~g 



+ 



dz 



{x 2 z + p 2 ) 2 {x 2 +p 2 zf J d£ 



lim p*(E) = 

E^E K r 
lim zJE) = 1 



(13) 
(14) 

(15) 
(16) 



dA^/dR develops a singularity in x = for E — * Ekr, which is responsible 
for the non-vanishing of the integral (|lC|). 

Returning to the general case, we note that the saddle point equations 
(0) and (||) can be solved to give R*(E) and p*{E) whenever 



W = det 



( d 2 ^ cPSv_ \ 

OR 2 

d 2 S v 

V dpdR dp 2 j 



dRdp 
dp 2 



^0 



(17) 



Now for a far-separated II we have W < 0, because this is an unstable 
(asymptotical) solution of the equations of motion ^|. This is precisely the 
reason why a far separated II pair contributes to the imaginary part of the 
FES amplitude On the other hand, in the perturbative vacuum, which is a 
stable solution of the equations of motion, we have W > 0. It follows the 
existence of a boundary in (R, p) space separating the W > and W < 
regions. On this boundary W = 0. 

Now consider the line defined in (R, p) space by the solutions of Eq.(^). 
It joins the far-separated 7T pair with the perturbative vacuum, which are 
both solutions of (^); it follows that this line will intersect the W = 
boundary in a point (R{,pi). Here Eqs. @ and (||) cannot be solved, and 
the saddle point parameters R*(E), p*{E) develop a singularity in 



E s 



dR 



(Ri , Pi 



(18) 



More precisely, W — > when R — > oo. 
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The singularity of the field derivative in the Khoze-Ringwald model is 
again responsible for the absence of such a singularity, because our mecha- 
nism is based on the fact that the vacuum is a stationary point of the action. 
On the other hand, it is not surprising that in the 0(3) a-model studied 
in Ref. Q, where the conformal symmetry breaking term in the action is 
derived from a true Lagrangian, a singularity is found in the saddle point 
parameters: in this point the saddle point equations (0) and (B) cannot be 
inverted to give R*(E) and p*(E) and this implies that the W = bound- 
ary has been reached (if W ^ the saddle point equations can certainly be 
solved). 

In summary, we have described a general mechanism giving rise to sin- 
gularities of the saddle point valley parameters for any model of the valley 
action displaying the correct qualitative behaviour, in the Standard Model 
as well as in all the toy models developed to gain insight in the problem (our 
argument is independent on the number of parameters needed to describe the 
valley trajectory, and is actually even more immediate for one-parameter 
models like the two-dimensional Abelian Higgs Model). This mechanism 
necessarily prevents the saddle point configuration from collapsing into the 
perturbative vacuum. In conclusion, let us remark the following: 

(i) Our explanation of the origin of the singularities is different from the 



one proposed in Ref. |TJj, because it is independent from the choice of the 
weight function defining the valley trajectory, and relies only on the general 
features of the valley trajectory. 

(ii) Our scenario is too general to give indications about the value of the 
holy-grail function at the singularity point: in principle the singularity can 
occur after the cross section has lost its exponential suppression. However, in 
the 0(3) a-model of Ref. |§, the singularity occurs, when the parameters 
of the model are chosen in a self-consistent way, at an energy where the 
cross-section is still exponentially suppressed. 

(iii) A related problem is the relevance of the FES scattering amplitude 
computed in the valley background to baryon number violation O, [0], 



|15| 16]: roughly speaking the problem is that when the / and I start to 
overlap the intermediate states of the FES amplitude (mapped by unitarity 
in the final states of the BNV process) do not have anymore the baryon 
number predicted by the anomaly law; the danger is to mistakenly consider 
baryon number conserving contributions to the cross section. Let us notice 
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that in our scenario the problem becomes less severe, because the complete 
overlapping of I and I is prevented by the singularity. 
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